On the structure of homogeneous symplectic 
varieties of complete intersection 

^ Yoshinori Namikawa 

<n: 

i— i! Introduction 

o 

<^ ■ A normal complex algebraic variety X is called a symplectic variety (cf. 

[Be]) if its regular locus X reg admits a holomorphic symplectic 2- form u such 
that it extends to a holomorphic 2-form on a resolution / : X — > X. 

Affine symplectic varieties are constructed in various ways such as nilpo- 
tent orbit closures of a semisimple complex Lie algebra (cf. [CM]), Slodowy 
slices to nilpotent orbits (cf. [SI]) or symplectic reductions of holomorphic 
symplectic manifolds with Hamiltonian actions. Usually these examples come 

t^j- '. up with C*-actions. 

In this article we shall study a 2n-dimensional affine symplectic variety 
X C C 2n+r defined as a complete intersection of r homogeneous polynomi- 
als fi(zi, Z2n+r) = (1 < i < r). Here we assume that weights of all 

CN ■ coordinates are 1: wt(z\) = ... = wt(z2 n + r ) = 1- The C*-action on C 2n+r 

induces a C*-action on X. We also assume that the symplectic form u is 
I homogeneous with respect to this C*-action. Namely, for some integer I, we 

^ " have t*u = t l ■ to where i e C*. The integer / is called the weight of to and 

is denoted by wt(u). When X is smooth, (X,u) is isomorphic to (C 2n , wo), 
where is the standard symplectic 2-form Hdz2i-i A dz2i- In the remainder 
we restrict ourselves to the case when X is singular. 

A main result (Main Theorem) is that such an X is isomorphic (as a 
C*-variety) to the nilpotent variety of a semisimple complex Lie algebra 
Q and uj corresponds to the Kostant-Kirillov form. 

The proof consists of two steps. At first we prove that X coincides with 
a nilpotent orbit closure O of a semisimple complex Lie algebra q (Theorem 
2). Theorem 2 actually shows that X is the closure of a Richardson orbit O 
and O has a crepant resolution. We next prove in 6 that such a nilpotent 
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orbit closure O must be the nilpotent variety N if it has complete intersection 
singularities. 

A symplectic variety tends to have a large embedded codimension. The 
main theorem shows that the A 1 surface singularity is a unique homogeneous 
symplectic hypersurface. As is studied in [LNSV] we have some examples of 
quasihomogeneous symplectic hypersurfaces in higher dimensions. 

The results of this article are concerned with symplectic varieties. How- 
ever the proof of Theorem 2 is based on contact geometry. In particular, a 
structure theorem [KPSW] on contact projective manifolds plays a crucial 
role. We shall remark in the last section that the contact geometry can be 
also used to give another proof of the main theorem of [F] . 

The author thanks M. Lehn and C. Sorger for a lot of discussion on 
symplectic hypersurfaces. He also thanks S. Helmke for suggesting to him 
the approach (6.3) by pointing out that the adjoint representation is the 
lowest dimensional nontrivial irreducible representation in the E$ case. 

1. Let X be a homogeneous symplectic variety of complete intersection 
defined in Introduction. 

When X is smooth, the polynomials /j are all linear forms; hence we 
may assume that r = and X = C 2n . We can write u n := u A ... A oo = 
g ■ dzi A ... A dz2n with a nowhere vanishing homogeneous polynomial g. Since 
such a polynomial g must be a constant, we have wt(u) = 2. Now u has a 
form T,a,ijdzi A dzj with some constants a^. Then u becomes the standard 
symplectic 2-form T l i< i < n dz 2 i-i A dzn after a suitable linear transformation 
of C 2n . 

From now on we consider the case when X is singular. Without loss of 
generality we may assume that deg(/j) > 2 for all i. In the remainder we put 
di := deg(/j). By the adjunction formula (or the residue formula) we have 

u n = c ■ Res x (ctei A ... A dz 2n +r/(fi, -, f r )) 

with a nonzero constant c; hence 

wt(u n ) = 2n + r- Soj. 

Since wt(u n ) = n ■ wt(u) and wt(u) > (cf. [LNSV], Lemma 2.2), we 
have Sa, = n + r and wt(u) = 1. 

Theorem 1. X has a C* -equivariant crepant resolution n : Y — > X . 
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Proof. Let us take a resolution g : W — >■ X and apply the minimal model 
program to g ([BCHM]). We then finally get a Q-factorial terminalisation 
7r : Y — > X of X . Namely Y has only Q-factorial terminal singularities and 
Ky = tc*Kx- We shall prove that Y is actually smooth. 

The pullback ir*u defines a symplectic structure on the regular part of 
Y. Let / : Z — > Y be a resolution of Y. By the assumption (tt o f)*uj 
extends to a holomorphic 2-form on Z; hence Y is a symplectic variety. 
Then Sing(y) has even codimension by Kaledin [Ka]. On the other hand, 
since Y has only terminal singularities, CodiniySing(y) > 3. Hence we have 
CodimySing(y) > 4. Moreover the C*-action on X extends to a C*-action 
on Y (cf. [Na 1, Proposition A. 7]). Note here that a symplectic variety has a 
natural Poisson structure and one can consider its Poisson deformation (cf. 
[Na 2]). Take a Poisson deformation Y t of Y. Then the birational map 7r : 
Y — > X also deforms to a birational map n t : Y t — > X t , where X t is a Poisson 
deformation of X. If we take the Poisson deformation Y t general enough, 
then 7r t is an isomorphism (cf. [Na 2, Theorem 5.5]). In particular, Y t = X t . 
Since X has only complete intersection singularities, so does Y t . On the 
other hand, Codiniy t Sing(Y^) > 4. By a result of Beauville [Be, Proposition 
1.4], a symplectic singularity is a complete intersection singularity only if its 
singular locus has codimension < 3. Therefore, Y t must be smooth. Since Y 
has only Q-factorial terminal singularities, any Poisson deformation of Y is 
locally trivial as a flat deformation by Proposition A. 9 and Theorem 17 of 
[Na 1]. This means that Y is smooth. Q.E.D. 

Let us consider the projectivisation P{X) := X — {0}/C* of X. Then the 
normal projective variety P(X) admits a contact structure with the contact 
line bundle Oppe)(l) (cf- [LeB], [Na 3, Section 4]). More precisely there is 
an exact sequence of vector bundles on P(X) reg : 

O^D^ Q F{x)reg A F{x) (l)\ F{x)reg -> 0, 

where rank(D) = 2n — 2 and dr}\jj induces a non-degenerate pairing on D. 

2. We first claim that P(X) also has a crepant resolution 0. Let L be a 
7r-ample line bundle on Y. If necessary, replacing L by its suitable multiple, 
we may assume that L has a C*-linearisation (cf. [CG] Theorem 5.1.9). We 
put A m := r(F, L® m ) for each m > 0. Note that each A m has a grading 
determined by the C*-action. In particular, A is the coordinate ring of X 



This is a crucial conclusion obtained from the assumption wt(zi) are all 1. 
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and P(X) = Proj(Ao). Since A m are graded A -modules, we can consider 
the associated coherent sheaves A m on P(X). Define Z := Vroj- P t X \(@A m ) . 
Then Z can be identified with Y — 7r _1 (0)/C* and the projective morphism 
7f : Z — > P(X) can be identified with the natural map Y — 7r _1 (0)/C* — > 
X — {0}/C* induced by the C*-equivariant resolution n : Y — > X. In 
particular, if is a birational map. Look at the commutative diagram 

Y-ti-\0) > Y-7i-\0)/C* 

1 & 
X-{0} > X-{0}/C*. 

Pick a point x := {z-y{x), z 2n +r(x)) E X — {0}. We have Zi(x) ^ 
for some i. Define U x :— X n {{z\, z 2n + r ) £ C 2n+r ; Zi = Zi(x)}. Then U x 
is isomorphically mapped onto a Zariski open subset of P{X) by the map 
X - {0} ->• P(X). The map 

<r x :C* xU x ->X - {0} 

sending (t, x') e C* x U x to t • x' e X — {0} is an open immersion. We put 
V x := it^iUx). Choose a point y' G V x and put := n(y'). Denote by O x i 
(resp. Oyi) the C*-orbit of x' (resp. y'). 

Since and O y < are both C* orbits, there are natural surjections 7^ : 
C* — > O x > (t — > t ■ x') and 7^ : C* — >■ (t — > t ■ y'). Moreover 7^ factorizes 
7x': 

C* ^ cv -> O x ,. 

Since wt(zi) = 1 for all i, we see that 7^ is an isomorphism; hence 7^ is also 
an isomorphism and O y > = O x >. 

Let T y iV x (resp. T y >O y /) be the tangent space of V x (resp. Oj,/) at y' . 
Then one has 

n T y ,Oy> = {0}. 

In fact, the isomorphism O y > — >■ O^' induces an isomorphism of the tangent 
spaces TyiOyi — >■ T x iO x i. This isomorphism induces an injection T^/V^ fl 
T y 'O y i — > T x iU x fl T x iO x i. Since TVC/^ fl T x iO x i = {0} by the construction of 
C/ x , we see that 7^/14 fl T y >O y i = {0}. 
Let us consider the map 



<7y B : C* x \4 ^r-Tr-^O). 
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This map induces a map of tangent spaces 

T (ty) (C* x V x ) -+ T t . y ,Y 

for (t,y f ) G C* x V x . 

We claim that V x is smooth at y' and this map of tangent spaces is an 
isomorphism. We first show the injectivity. We identify Tu y n(C* x {y'}) 
with T t C* and identify T (t;j/) ({i} x V x ) with T^. Then T (iy) (C* x K) = 
T t C* © Tj/14. Assume that (a, (5) e T t C* © T y /T4 is sent to zero by the map 
above. The map oy x induces isomorphisms C* x {y 1 } — > O y > and {t} x V x — > 
t ■ V x . Therefore (a, 0) is sent to an element of T t . y 'O y > and (0, 0) is sent 
to an element of T t . y /(t ■ V x ). Since T y /V x fl T y iO y i = {0}, we also have 
T t . y >(t ■ V x ) n T t . y ,O yl = {0} by the C*-action. This implies that a = (3 = 0. 

Note that dimF = dim\4 + 1 and Y is smooth. If V x is singular at y', 
then dimT y fV x > dim\4; but then dimT (t y)(C* x V x ) > dimT t . y <Y. This 
contradicts that the above map is an injection. Thus V x must be smooth at 
y' . Moreover this implies that the map is an isomorphism. 

We finally claim that ay x is an open immersion. Assume that two points 
{UiVi) £ C* x V x , % — 1, 2 are mapped to the same point of Y. Then y x 
and 2/2 are contained in the same C*-orbit. Moreover 7r(yi) = 7r(y 2 )- (If 
7r(2/i) 7^ 7rd/ 2 ), then 7r(|/i) and 7r(y 2 ) must be contained in different C*- 
orbits because au x is an open immersion.) If y\ ^ y 2 , then the natural map 
O m — > 1T ( yi ) of C*-orbits is not a bijection. This contradicts the previous 
observation. Thus yi = y 2 - Then one has ti = t 2 because 7 yi : C* — > O yi 
{t — > t ■ yi) is an isomorphism. This shows that ay x is an injection. Since 
C* x V x and Y are both nonsingular and the map T( t y)(C* x V x ) — > T t . y /Y 
is an isomorphism, we see that <jy x is an open immersion. 

Now the commutative diagram above is locally identified with 

C* x V x 



C* x U x 

By the assumption C* x V x — > C* x U x is a crepant resolution. This means 
that V x — > U x is also a crepant resolution. 

Therefore we get a crepant resolution 7f : Z — > P(X) of P(A). 

3. We next claim that Z is a contact projective manifold with the contact 
line bundle 7f*0p(x)(l)- 



P2 



P2 
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For simplicity we write L for Oppc)(l)|p(X) reg - The contact structure on 
P(X) reg is expressed as a twisted 1-form r\ G r(P(X) re9 , ^ppfv <8> L) such 
that ?7 A (drj) 71 ^ 1 G Op(x) reg is nowhere-vanishing. In our case L extends 
to the line bundle Op(x)(l) on P(X). Let i : P{X) reg P(X) be the 
natural inclusion map. Since P{X) has only canonical singularities, we have 
7f*f^ = i*Qp( X ) reg ([GfKK]). Hence the pull-back 77*77 is a section of VL l z ® 
7f*Op(x)(l)- Moreover, since 7? is a crepant resolution, 77*77 A (dn*!]) 71 " 1 is 
nowhere- vanishing. 

Therefore we get a contact structure of Z with the contact line bundle 

7f*Op (X) (l). 

4. When n = 1 we already know that r = 1 and / = z\ + z\ + 23 after a 
suitable change of coordinates (cf. [LNSV], 3.1). Note that Z = P(X) = P 1 
in this case. We assume that n > 2. Then CodimxSing(X) = 2 by [Be, 
Proposition 1.4]. Hence P(X) actually has singularities and h^iZ) > 2. Note 
that Kz is not nef because Kz = n*Ox{—n). By the structure theorem of 
Kebekus, Peternell, Sommese and Wisniewski [KPSW] we conclude that Z 
is isomorphic to the projectivised cotangent bundle P(0a/)@ of a projective 
manifold M of dimension n; moreover, 7?*Op(x)(l) — P (e M )(l). 

Let ?7o be the canonical contact structure on P(@m) induced by the canon- 
ical symplectic form on T*M. Note here that an automorphism ip of the vec- 
tor bundle 6m induces an automorphism of Z := P(Om), which is denoted by 
the same notation (p. Then Q\ and Op(e M )(l) are both Aut(0A/)Tinearlized. 
Then our contact form 77 can be written as 77 = <p*i]o for some (p G Aut(0Af) 
(cf. [KPSW], Proposition 2.14). We may assume that rj = r] by composing 
(p with the initial identification Z = P(8m)- 

The embedding X — > C 2n+r induces an embedding P(X) — > p 2n + r '- 1 . 
Since iy0(p2n+r-i ) o P 2n+r-i(l)) = H°(P(X),0 P{X )(1)), the morphism tT co- 
incides with the one defined by the complete linear system |Op(e M )(l)|- 

Lemma. X (P(X), F{X) ) = 1. 

Proof. We first claim that if W C P m is a complete intersection of type 
(di, dk), then x{W, Ow{—i)) = for alH > with d\ + ... + dk + i < m + 1. 
We prove this by the induction on k. Assume that this is true for k — 1. Let 
us take the complete intersection W of type (di, d k _i) such that W is an 



2 In this note we employ Grothendieck's notation for a projective space bundle. Namely 
P(6 M ) = T*M - (0 - section)/C*. 
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element of \Ow'(dk)\. By the exact sequence 

->■ W '(-i - d k ) ->■ W /(-i) -» O^(-i) ->■ 

we have x(Ow( _ *)) = x(Ow(^)) — x(Ow(—i — dk))- Assume that d\ + 
... + dk + i < m + 1. Then we have di + ... + (i^—i + (i + dk) < m + 1 and 
c?i + ... + d k _i + i < m + 1. By the induction assumption * — ^)) = 

x(Owr'(-i)) = 0; hence = 0. 

We next claim that x(W,Ow) = 1 if d\ + ... + d k < m + 1. This is 
also proved by the induction on k. We take the same W as above. Then 
x(Ow) — xiPw) —x(.Ow(—dk)). By the induction assumption x(Ow) — 1- 
By the previous claim we have x(Ow(— dk)) = 0; hence x(Qw) = 1 as 
desired. 

Let us return to the original situation. By the argument in 1 we have 
Edj < 2n + r. Now one can apply the above claim to P(X) C p 2n + r_1 . 
Q.E.D. 

Since P(X) has only rational singularities, we have x{^i Oz) — x(P(X), 0-p(x)) = 
1. Let us consider the projection map p : Z — > M of the projective space 
bundle. Since Rp*Oz = for i > 0, we have x(Z,Oz) = x(M, Om)- In 
particular, we see that x(M,Om) = 1- 

Here we recall a special case of the theorem of Demailly, Peternell and 
Schneider [DPS] 

TheoremQDPS, Proposition on p. 297]) : Let M be a projective mani- 
fold with nef tangent bundle such that x{M,Om) ^ 0. Then M is a Fano 
manifold. When dimM = 2 or 3, M is a rational homogeneous space. 

In our case we have a much stronger condition. In fact, Op(e M )(l) is the 
pull-back of a very ample line bundle by a birational morphism. 

Proposition. Let M be a Fano manifold. Assume that |Op(e M )(l)| is free 
from base points. Then M is isomorphic to a rational homogeneous space, 
i.e. M = G/P with a semisimple complex Lie group G and its parabolic 
subgroup P. 

Proof. The map H°(P(Q M ), O P ( 0M )(1)) ® Op ( e M ) A P( e M )(l) is sur- 
jective. Let us consider the natural map 

h°(m, e„)®o M 4e M . 
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We pull back a by the projection map p : P(0m) — > M. Since p*Op(e M )(l) = 
6m, V* a factorizes j3: 

(3 : /J°(P(e M ),0 P( e M )(l)) ® Op (0M ) p AV©m o P( e M) (i). 

Let x G M be an arbitrary point and restrict (5 to the fibre p' 1 (x) = P n_1 . 
Then we have 

P(x) : ^°(P(0m),O p(0m )(1)) ®Op„-! P *4 X) O®^ Opn-i(l). 

Note that is also surjective. By taking the global sections /3(x) induces 
a map r(/3(x)) : H°(P(Q M ), O p(0m) (1)) iJ^P"" 1 , O pn -i(l)). If T(/3(x)) 
is not surjective, then j3(x) cannot be surjective. Hence T(/3(x)) must be 
surjective. This also shows that 

T(p*a(x)) : F°(P(e M ),O P(0M )(l)) ^(P"" 1 ^^,) 

is surjective. Since r(p*a(x)) can be identified with the map H°(M, Q M ) ® 

6m ® fc(^), the map a is a surjection by Nakayama's lemma. 
Let G be the neutral component of the automorphism group Aut(M) of 
M. Then G can be written as the extension of a complex torus T by a linear 
algebraic group L (cf. [Fu]) 

1— >L— >G — >T— >1. 

Note that ?(M) = because M is a Fano manifold. If dimT > 0, then 
dimAlb(M) > by Theorem 5.5 of [Fu], which is a contradiction. Hence 
G is a linear algebraic group. As a is surjective, G acts transitively on M. 
Therefore M = G/P for some parabolic subgroup P of G (cf. [Spr, 6.2]). 
Note that P always contains the radical r(G) of G. Then r{G) acts trivially 
on M; but, since G is the neutral component of Aut(M), G acts effectively 
on M. Hence r(G) = {1} and G is semisimple. Q.E.D. 

5. Assume that n > 2. Now M can be written as G/P with G a semisim- 
ple complex Lie group and P a parabolic subgroup of G. By the proof of 
the previous proposition we may assume that G = Aut (M). The cotangent 
bundle T*(G/P) of G/P has a natural Hamiltonian G- action and one can 
define the moment map /i : T*{G/P) — > q*. We identify Q* with g by the 
Killing form. Then Im(/i) coincides with the closure O of a nilpotent orbit 
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O C g. The moment map induces a generically finite projective morphism 
of the projectivisations of T*(G/P) and O: 

/2:P(e G/P )->P(0). 

Denote by P ( )(1) the restriction of the tautological line bundle Op( )(l) of 
the projective space P(fl) to P(O). Then it can be checked that Op(e G/P ) (1) = 

/ro P( o)(i)S 

This means that 7r : P(Oc/p) — > P{X) must be the Stein factorization of 

p. 

By looking at p, we have an inequality 

(1) dimr(P(e G/ p),0 P( e G/p) (l)) > dimr(P(0),0 P( o)(l)). 

Let / be the ideal sheaf of P(O) C P(fl). There is an exact sequence 

tf (P( S ),O P(fl) (l) ® /) if o (P(0),Op (3) (l)) ^(P^.Qp^Cl)). 

Let TqO be the tangent space of O at the origin G O. Let $j = ©$jj be 
the decomposition into the simple factors. The closure O is the product 
of nilpotent orbit closures Oj of Note that T O = ©T Oj. Each T Oj 
is a sub Gj-representation of the adjoint Gj-representation of gi. Since Qi 
is an irreducible Gj-representation, we have T Oj = Qi. Hence T O = $j. 
This means that there is no hyperplane of q containing O; hence there is no 
hyperplane of P(g) containing P(O). This shows that H°(P(q), Op( B )(l) g) 
I) = 0. Since h (P(o), Op( fl )(l)) = dimg, we have an inequality 

(2) dimr(P(O),O P( o)(l))>dim . 

By (1) and (2) we have an inequality 

dimr(P(0 G/ p),O P( e G/P )(l)) > dim S . 

Since r(P(6c/p), P (e G/p )(l)) = T(G/P,Qg/p), this inequality is actu- 
ally an equality. Hence W coincides with Jx and we have an isomorphism of 

3 Let ujkk be the Kostant-Kirillov 2-form on O. Then it gives a contact structure on 
P(O) with the contact line bundle Op(o)(l). On the other hand, (i*ujkk is a symplectic 
form on T*(G/P), which gives a contact structure on P(0 G /p) with the contact line bundle 
p,* Op (o)(l). Then we can apply [KPSW, Theorem 2.12] to conclude that M*Op(o)(l) = 
0P(0 G/P )(1). 
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polarised varieties (P(X), P( x)(l)) = (P(O), P( p)(l)). As X = Spec© m > 
H (P(X),O P{X ){m)) and O = Spec © m > H (P(O), P( o)(m)), this implies 
that X = O. 

Finally we give an intrinsic characterization of G. Notice that we have 
taken an isomorphism Z = P(Q M ) such that the contact structure corre- 
sponds to the canonical one induced by the canonical 2-form on T*M. Then 
G acts on Z as contact automorphisms. Since n is G-equivariant, this also 
means that G acts on P(X) reg as contact automorphisms. The G-action 
determines an embedding g C H°(P(X) reg , Qp( X ) reg ). 

On the other hand, by [LeB] the contact structure 

@p(x) re9 A C P (x)(l)|p(x) re9 ->■ 
has a splitting (as C-modules) 

s ■ Op( X )(l)|p(x) refl ->■ @P(x) re9 

so that the subspace 

s(H°(P(X) reg ,0 F{x) (l)\ F{x)r J C H°(P(X) reg ,e P{x)r J 

is the infinitesimal contact automorphism group of P(X) reg . By the observa- 
tion above it has the same dimension as dim g. Hence g C H°(P(X) reg , 0p(x) re ) 
coincides with the infinitesimal contact automorphism group of P(X) reg (or 
P(X)) and G is the neutral component of the contact automorphism group 
ofP(X). 

We have thus proved: 

Theorem 2. Let X be a singular symplectic variety embedded in an affine 
space C N as a complete intersection of homogeneous polynomials. Then X 
coincides with a nilpotent orbit closure O of a semisimple complex Lie algebra 
0- 

By the proof such an orbit O is a Richardson orbit and the Springer map 
T*(G/P) —7-0 is a birational map. 

A typical example of O is the nilpotent variety N of g. Let x '■ 9 ~ > 
g//G = C r be the adjoint quotient map. Then N = x _1 (0)- In particular, 

is a complete intersection of r homogeneous polynomials in g. 

The following is the main theorem of this article. 



11 



Main Theorem. Let (X, uj) be a singular symplectic variety embedded in 
an affine space C N as a complete intersection of homogeneous polynomials. 
Assume thatu is also homogeneous. Then (X,ou) coincides with the nilpotent 
variety (N, ojkk) °f a semisimple complex Lie algebra g together with the 
Kostant-Kirillov form ojkk- 

6. In this section we prove that the nilpotent orbit closure O in Theorem 
2 is actually the nilpotent variety N. 

(6.1) Let C[ polynomial ring with n variables. For a homo- 
geneous ideal I of C[x\, x n ], we put R := C[x\, x n ]/I and d := dimi?. 
Assume that I does not contain a non-zero homogeneous polynomial of de- 
gree 1. We denote by M the maximal ideal (xi, ...,x n ) of R. 

Lemma. The following are equivalent. 

(i) The formal completion R along M is of complete intersection. 

(ii) The ideal I is generated by n — d homogeneous elements. 

Proof. Since it is clear that (ii) implies (i), we only have to prove that (i) 
implies (ii). The number of minimal generators of I equals dime (I/IM) by 
Nakayama's lemma. The condition (i) then means that dim c (///M) = n—d. 
One can take n — d homogeneous elements /i, f n -d from I such that f±, 

fn-d £ I/IM form a basis of I/IM. Then it can be checked that /i, 
fn-d actually generate I (cf. the proof of Lemma (A. 4) of [Na 1]). Q.E.D. 

(6.2) Let R be the same as in (6.1) and put X := Spec(i2). Assume that a 
reductive Lie group G acts on C n = SpecC[xi, ...,x n ] so that X is preserved 
by G. Moreover we assume that the G-action commutes with the C*-action 
on C n . 

Lemma. There are a G -representation V with dimV = n — d and a 
G-equivariant morphism f : C™ V of affine spaces such that / _1 (0) = X . 

Proof. Let Ik be the degree k part of the homogeneous ideal /. Since G 
respects the grading of C[xi, x n ], each Ik is a G-representation. Let k\ 
be the minimal number such that 7^ ^ 0. Let hi be the minimal number 
h > hi such that I' k := C[xi, ...,x n ]k-k- L • Iki does not coincide with Ik- Since 
I'k 2 is a G-subrepresentation of Ik 2 , there is a G-subrepresentation 1% of Ik 2 
such that I k2 = I'k 2 © I'k 2 - We next put I' k := C[xi, ...,x n ] k - k2 ■ I k2 for h > h 2 
and let h 3 be the minimal number h such that I' k ^ Ik- Let /£' be a G- 
subrepresentation of I k3 such that I ks = I' k3 © I k3 - We repeat this process; 
then I kl © I'k 2 © 1% © ... becomes a G- representation of dimension n — d. The 
V is its dual representation. Q.E.D. 
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(6.3) Proposition. A nilpotent orbit closure O of an exceptional simple 
Lie algebra g is of complete intersection if and only if O = N. 

Proof. We put m := dimg and 2n := dimO. Then O is an afiinc 
subvariety of C m with codimension r := m — 2n. Assume that O is defined 
by r homogeneous polynomials f\ with deg(/j) = Oj. As remarked at the 
beginning of 1, we have Sx<j< r aj = n + r. Since at > 2 for all «, we see that 
Saj > 2r; thus n > r. In particular, m = 2n + r > 3r. Therefore we have 

CodinigO < 1/3 ■ dimg. 

On the other hand, by the previous lemma there are a G-representation V 
with dim V = Codim g O and a G-equivariant map / : g — > V such that 
/ _1 (0) = O. There are very few (nontrivial) irreducible representations V of 
an exceptional simple Lie group G with dim V < dim G (cf. [F-H] , Exercise 
24.52 (p.414, see also pp.531,532). These are: 

G 2 - dimg = 14, dimV^ = 7, 

F 4 : dimg = 52, dimT4, 4 = 26, 

E 6 : dimg = 78, dimV^ = dimV^ 6 = 27, 

E 7 : dimg = 133, dimK, 7 = 56 

Here we denote by V UJi the representations T Wi in [F-H]. As a consequence, 
we have no irreducible representation V with dimV < 1/3 • dimg. Let us 
look at the G-equivariant map / : g — > V. Since there is no irreducible 
G-representation of dim < 1/3 • dimg, the G-representation V is a direct 
sum of trivial representations. This means that O is the common zeros of 
some invariant polynomials on g (with respect to the adjoint representation). 
Notice that the nilpotent variety iV of g is the common zeros of all invariant 
polynomials on g. Since O is contained in N, we conclude that O = N. 
Q.E.D. 

(6.4) Let G be a semisimple complex Lie group and let P be a parabolic 
subgroup of G. Let O C g be the Richardson orbit for P. We assume that 
the closure O is normal and the Springer map T*(G/P) — > O is birational. 
One can construct a flat deformation of O in the following way. Details can 
be found in [Na 4, Section 2]. Let n(p) (resp. r(p)) be the nilradical (resp. 
solvable radical) of p. Let h C p be a Cartan subalgebra of p and define 
t(p) := f) n r(p). We then have r(p) = t(p) © n(p). Notice that O is the 
G-orbit of n(p): 

O = G-n(p). 
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Then G ■ r(p) naturally contains O. Restricting the adjoint quotient map 
X '■ — > fy/W t° G • r(p), we have a map 

Xp : G ■ r(p) -> f,/W. 

Let v : ^ — 7- G ■ r(p) be the normalization map. Then the composition 
map X f)/iy factors through l(p)/W, where W C W is the stabilizer 
subgroup of l(p) as a set: 

x ;-.x^ t(p)/w. 

By [Na 4, Proposition 2.6] we have (x£) _1 (0) = 00 and Xp gives a flat 
deformation of O. There is a natural C*-action on X. If (Xp) _1 (0) = O is 
of locally complete intersection, then all fibres (Xp) _1 (^) are a l so °f locally 
complete intersection by the C*-action. 

(6.5) A fibre of Xp has been already studied in [SI, 4.3]. For t G f) define 
Za(t) C G to be the centralizer of t in G; namely 

Z G (t) := {g E G; Ad g (t)=t}. 

Similarly define Z g (t) C Q to be the centralizer of t in g. Note that Z g (t) is 
a reductive Lie algebra. Then p t := p n Z g (£) is a parabolic subalgebra of 
Z g (t). Let 0( C Z (t) be the Richardson orbit for p t . Take an element i from 
the image of the map £(p) — > t)/W. Then the fibre Xp 1 ^ can be described 
as follows. Let {ti, t„} be the inverse image of i by the map t(p) — > f)/W. 
Then one has 

l<i<n 

where pi : G x Za ^ O ti — >■ G-r(p) is a map defined by Pi ([<?,£]) = Ad g (x). As 
remarked in [SI, p. 56, Remark], Xp l {t) is n °t necessarily irreducible. How- 
ever a fibre of Xp is always irreducible and normal. Consider the Brieskorn- 
Slodowy diagram ([Na 4, p.728 (2)]): 

Gx p r(p) > X 

1 ® 
t(p) ► t(p)/W 



4 Notice that we assume that O is normal. 
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Here G x p r(p) gives a simultnaneous resolution of the flat family X x^ p yw' 
t(p) — > t(p). Take an element t from £(p). The fibre of the map Gx p r(p) — > 
t(p) over t is G x p (t + n(p)). Notice that 

Gx p (t+n(p)) = Gx p (Px Pt n(p t )) = Gx Pt n(p t ) = Gx Zg ® (Z G (t)x Pt n(p t )). 

Let t G t(p)/W be the image of t by the map t(p) ->■ t(p)/W. Then the 
map 

G x p (t + n(p)) -> 

coincides with the map 

G x z «W (Z G (i) x Pt n(p t )) -)• G x^W 6 t , 
where 4 is the normalization of the orbit closure O t . In particular, one has 

(x?)- 1 («) = Gx z °W O t . 

Note that (Xp) _1 (^) i s locally the product of G/Z G {t) and O t . If the cen- 
tral fibre (Xp) _1 (0) i s locally of complete intersection, then O t is locally of 
complete intersection. 

(6.6) Fix a Cartan subalgebra \) of g. Let $ be the root system for g. 
Choose a base A of <£>. Recall that every parabolic subgroup of G is conjugate 
to a standard parabolic subgroup Pj for a subset / of A. We denote by L(Pj) 
the Levi subgroup of Pi containing H. For example, if / = 0, then P I is a 
Borel subgroup and L(Pj) is nothing but the maximal torus H of G. In the 
remainder we assume that P is a standard one Pj. One has 

{(p 7 ) = {he i);a(h) =0,V«g /}. 

Define 

e(pj) re » := {/i G e(p 7 ); a(/i) ^ 0, Va G $ - $/}, 

where $/ is the root subsystem of $ generated by J. Choose j3 G A — / and 
consider the larger parabolic subgroup Piu{p}- Then t(p/u{/3}) is naturally 
contained in fi(pj). We take an element ^ from {(p/ U { /3 }) re3 . Notice that 
Z G {tp) — £(-f/u{/3})- Moreover Pjr\Z G (tp) is a parabolic subgroup of Z G (tp), 
which determines a Richardson orbit O t/3 of Z a (tp). We then have 
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(6.7) Example. Let Pi be the standard parabolic subgroup of SL(5) de- 
termined by the following marked Dynkin diagram, where the white vertices 
are simple roots belonging to /: 

• o • o 

We have two black vertices. Take the 1-st black vertex as j3. Then the 
semisimple reduction [Z s (tp), Z 3 (tp)} is of type Ai x A\. Moreover t(3 is the 
Richardson orbit of the first A 2 for the parabolic subalgebra corresponding 
to 

• o 

Next take the 2-nd black vertex as /3. Then [Z s (tp), Z s (tp)] is of type 
A 3 . The orbit O tf) is the Richardson of A 3 for the parabolic subalgebra 
corresponding to 

o • o 

Let O C sl(5) be the Richardson orbit for Pj. Assume that O is locally 
of complete intersection. Then Ot is locally of complete intersection for any 
t G t(pi) by (6.5). As above we take the 1-st black vertex as (5 and consider 
the corresponding O t/3 . It is then easily checked that Codim^ Sing(O ti9 ) = 4. 

By [Be, Proposition 1.4] O t/3 is not locally of complete intersection. This is 
absurd. The second choice of (3 also leads us to a contradiction. In this case 
Sing(O t ) has codimension 2 in O t „ and Beauville's proposition cannot be 
used. Instead we use the previous lemma. First notice that every nilpotent 
orbit closure in sl(m) is normal; hence O tp = O t(r By a direct calculation one 
has dimO t/3 = 8 and dims/(4) = 15. Suppose that O tp is locally of complete 
intersection. As proved in 5, T O t/3 = sZ(4); one can apply Lemma (6.1) to 
the embedding O t/3 C s/(4). Then is defined as the common zeros of 7 
homogeneous polynomials (1 < % < 7). We put a, := deg(/j). By the 
argument at the beginning of 1 we have a\ + ... + a 7 = 11. On the other 
hand, since at > 2 for all i, we have ai + ... + a 7 > 14. This is a contradiction. 

(6.8) We are now going to prove that when g is a classical simple Lie 
algebra, the nilpotent orbit closure O in Theorem 2 is actually the nilpotent 
variety N. We employ the following strategy. We shall derive a contradiction 
assuming that O in Theorem 2 is not the nilpotent variety. First we construct 
a flat deformation of O: Xp '■ X ~ * ^(p)/W as in (6.4). The parabolic sub- 
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algebra p corresponds to a marked Dynkin diagram for g. As demonstrated 
in (6.7), we take a suitable simple root /3 and the corresponding element 
tp G t(p) (cf. (6.6)). We next consider the fibre (Xp ) -1 (As)- Then this fibre is 
isomorphic to G x Zg ^^ O tfj . If O is of complete intersection, then O t/3 is also 
of complete intersection. But O tf) is a Richardson orbit in a classical simple 
Lie algebra which is smaller than g. Moreover the corresponding parabolic 
subalgebra (= the polarization of O tf} ) is a maximal parabolic subalgebra. 
Finally we derive a contradiction in such a case. 

We first treat the case g is of type A. 

Proposition. A nilpotent orbit closure O of sl(m) has complete inter- 
section singularities if and only if O = N . 

Proof. Note that every nilpotent orbit O of g := sl(m) is a Richardson 
orbit and its closure is normal. Moreover the Springer map T*(G/P) — > O 
is birational. As remarked just above, we only have to prove that O does 
not have complete intersection singularities when P is a maximal parabolic 
subgroup of SL(m) with m > 3. Namely P corresponds to to a marked 
Dynkin diagram with only one black vertex: 

O • o 

1 r _ 

When r ^ m/2, one has CodimoSing(O) > 4. Then O does not have 

complete intersection singularities by [Be, Proposition 1.4]. Assume that O 
has complete intersection singularities when r = m/2. By a direct calcu- 
lation we have dimO = 2r 2 and dim sl(m) = 4r 2 — 1. By Lemma (6.1) 
O is a subvariety of C 4r2_1 defined as the complete intersection of 2r 2 — 1 
homogeneous polynomials /j. We put Oj := deg(/j). As discussed at the 
beginning of 1, Sa^ = r 2 + (2r 2 — 1). On the other hand, since a« > 2, we 
have Saj > 2(2r 2 — 1). Combining these inequalities we get 

r 2 > 2r 2 - 1, 

which implies that r = 1 and then m = 2. This contradicts the first assump- 
tion that m > 3. Q.E.D. 

(6.9) Let G be Sp(2n) or SO(n) and let Pj be a maximal parabolic 
subgroup. Namely P is the standard parabolic subgroup corresponding to 
one of the following Dynkin diagram. 



l a 



o<^=o 
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Let O C g be the Richardson orbit for Pj. We shall prove that O is 
not a homogeneous symplectic variety of complete intersection. When G = 
Sp(2n), the parabolic subgroup Pj is the stabilizer group of an isotropic flag 
of type (r,2n — r,r). Let Gr iso (r,2n) be the isotropic Grassmann variety 
parametrizing such flags. Then 

dim Gr iso (r, 2n) = dim Gr(r, 2n) - 1/2 • r(r - 1) = r(2n - r) - 1/2 • r(r - 1). 

Since dimO = 2 dim Gr iso (r, 2n), we have dimO = 2r(2n — r) — r(r — 1). 
On the other hand, dimsp(2n) = 2n 2 + n, hence Codim sp ( 2 n)0 = 2n 2 + n — 
4rn + 3r 2 — r. Assume that O is of complete intersection in sp(2n). Let /$ be 
the defining equations of O and put Oj := deg(/j). Then Sa^ = 1/2 • dimO + 
Codim S p( 2n )0 by 1. Since a,i>2 for all i, we have (3r — 2n — l)(3r — 2n) < 0. 
The only possibilities are following two cases: 

(i) n = 3k for some integer k and r = 2k. 

(ii) n = 3k + 1 for some integer and r — 2k + 1. 

In both cases a,i = 2 for all i (i.e. dimV = 1/3 • dimsp(2n).) In the first 
case O = 0[ 3 2fe] (i.e the nilpotent orbit consisting of the matrices of Jordan 
type (3, ...,3) (2k Jordan blocks of size 3). In the second case O = 0[ 3 2fe j2 ]- 
Assume that 0^2^ C sp(6k) is of complete intersection. By the calculation 
above we have codim sp ( 6fc )0 = 6k 2 + k. By Lemma (6.2) there are a G- 
representation V of dim Qk 2 + k and a G-equivariant map / : sp(6k) — > V 
such that / _1 (0) = O. By the construction of V (cf. Lemma (6.2)), the dual 
representation V* coincides with I 2 because = 2 for all i. But there is 
only one (adjoint) invariant quadratic polynomial on sp(6k) up to constant. 
Hence V contains one and only one trivial representation as a direct factor. 
Since an irreducible representation of sp(6k) with dim < 1/3 • dim sp(6k) is a 
trivial representation or a standard representation (cf. [F-H], p. 531, (24.52)), 
V is a direct sum of a trivial representation and a finite number of standard 
representations. 

Let us consider the first case (i). Notice that, in this case, dimV = 
1 + (6k 2 + k — 1). If k > 2, then 6k does not divide 6k 2 + k — 1, which is 
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a contradiction. When k — 1, one has dimV = 7 and V may possibly be a 
direct sum of the 6-dimensional standard representation and the trivial rep- 
resentation. Since = 2 for all i, these irreducible factors must be contained 
in Sym 2 (sp(6k)*) the 2-nd symmetric product of the dual representation of 
the adjoint one. By the Killing form Sym 2 (sp(6)*) 2* Sym 2 (sp(6)) as Sp{6)- 
representations. It is easily checked that Sym 2 (sp(6)) does not contain the 
standard representation as a direct factor. Hence we have a contradiction 
also in this case. 

In the second case (ii) we have dim V = 1 + (6k 2 + 5k). Noticing that 
the standard representation has dimension 6k + 2, we write 6k 2 + 5k = 
k(6k + 2) + 3k; hence 6k + 2 does not divide 6k 2 + 5k. This is a contradiction. 

Assume that G = SO(n) and O has complete intersection singularities. 
Since <jj > 2 for all i, the equality 

Soj = 1/2 • dimO + Codim so ( n )0 

implies that (3r — n)(3r — n + 1) < 0. There are two possibilities: 

(i) n = 3k for some integer k, r = k and O = O^ky 

(ii) n = 3k + 1 for some integer k, r = k and O = CW,!]. 

In both cases a« = 2 for all 2 (i.e. dimV = 1/3 • dim so(n)). We can again 
use Lemma (6.2) to have a G-equivariant map / : so{n) — > V. Put 53 = so(n) 
with n = 3/c or n — 3k + 1. Then dim\/ is respectively 1/2 • (3A; 2 — k) 
or 1/2 • (3A; 2 + k). Note that an irreducible representation of q with dim 
< 1/3 • dimjj is a trivial representation or a standard representation (cf. [F- 
H], p. 531, (24.52): Note that, when g is of D4, two more different irreducible 
representations exist, but the -D4 case is not contained in the case (i) or the 
case (ii).). Since there is only one (adjoint) invariant quadratic polynomial 
on so(n) up to constant, V is a direct sum of a trivial representation and a 
finite number of standard representations. By writing k = 21 or k = 21 + 1 
according as k is even or odd, one can easily check that dim V — 1 is not 
divided by n in both cases; hence we have a contradiction. 

(6.10) Let q be a complex simple Lie algebra of type B, C or D. Let O 
be the Richardson orbit of q for a parabolic subgroup P of G. Assume that 
the Springer map s : T*(G/P) — > O is birational. 

Proposition The closure O of such an orbit is of complete intersection 
if and only if O = N. 

Proof. We only have to deal with a Richadson orbit for a standard 
parabolic subgroup Pj. If the Dynkin diagram corresponding to Pj has only 
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one black vertex, then we have already checked that O is not of complete 
intersection. Assume that there are more than one black vertices, but at 
least one vertex is a white vertex. Take a white vertex w on the leftmost 
position. Note that if the Dynkin diagram is of type B or C, it is unique, 
but if the Dynkin diagram is of type D, the choice of such a vertex might 
have two possibilities. 

If there is a black vertex b left adjacent to w, then take the simple root (3 
corresponding to b and apply (6.6). Then the problem is reduced to the case 
where the Dynkin diagram is of type A and has only one black vertex with 
r = 1, or the Dynkin diagram is a smaller one of the same type as q and has 
only one black vertex with r — 1. In each case O tf) is normal; we only have 
to check this in the second case. There is a nilpotent orbit 0' t C O t/3 such 
that Codinio^O^ = 2. One can check that Sing(O t(3 , 0' t/3 ) is of type a or of 

type g in the list of [K-P, p. 551]. By Theorem 1, (b) of [K-P] we see that O tp 
is normal. Moreover, in each case, is not of complete intersection (cf. 
(6.8), (6.9)). By the argument in (6.5), the original nilpotent orbit closure 
O is not of complete intersection. 

Assume that there is no black vertex left adjacent to w. By the definition 
of w this means that w is on the leftmost position on the diagram. In this 
case we consider the maximal connected Dynkin subdiagram T> containing 
w whose vertices are all white. Let w' be a vertex on the rightest position 
of V. Let b be a black vertex right adjacent to w'. We take the simple root 
(3 corresponding to b and apply (6.6). Then the problem is reduced to the 
case where the Dynkin diagram is of type A and has only one black vertex. 
Then O tp is normal and is not of complete intersection (cf. (6.8)). By the 
argument in (6.5), the original nilpotent orbit closure O is not of complete 
intersection. Q.E.D. 

(6.11) Let O be a Richardson orbit of a complex semisimple Lie algebra q. 
Let g = ®i<i< m Qi be the decomposition into the simple factors. Then we have 
O — 0\ x ... x O m where each is a Richadson orbit of jjj. If the Springer 
map T*(G/P) — > O is birational, then each Springer map T*(Gj/Pj) — > Oi is 
birational. Assume that O is of complete intersection. Then each Oi is also 
of complete intersection. By (6.3), (6.8) and (6.10) each Oi coincides with 
the nilpotent variety iVj of jjj. Then O is the nilpotent variety of g. 

7. Remarks 

(1) What happens in Main theorem if we do not assume u is homogeneous 
? The author does not know the answer, but the following example would 
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be instructive. Let X C C 5 be a hypersurface defined by z\ + z\ + z\ = 0, 
where (zi, Z5) are coordinates of C 5 . Note that X = S x C 2 , where 
S C C 3 is a hypersurface defined by / := z\ + z\ + z| = 0. We put := 
Kes{dz 1 Adz 2 Adz^/ f) and w C 2 : = dz 4 Adz 5 . Define w := Us+^c 2 - Then (X,u>) 
is an afline symplectic variety. But u is not homogeneous because wt(u>s) = 1 
and wt(u C 2) = 2. Note that u A u> is a holomorphic volume form on X of 
weight 3. Let us prove that there is no homogeneous symplectic 2-form on 
X. Assume that such a form fl exists. Then Q A Q is a holomorphic volume 
form on X of an even weight, say 2m. Then one can write Q AQ = g ■ u Au 
with a nowhere vanishing function g of nonzero weight. But such g does not 
exists; hence one gets a contradiction. 

(2) Let X be an afline symplectic variety in defined by a homogeneous 
ideal I (not necessarily of complete intersection) where / contains no nonzero 
linear form. Denote by R the coordinate ring of X. By the assumption R is 
graded: R = ® n >oRn- Assume that wt(u) = 1. Then u induces a Poisson 
structure on R of weight —1. In particular, it induces a Lie algebra structure 
on R\ 

[;•] : Ri X R l ->■ i?!. 

Let us call this Lie algebra g. Since i?x = T *X, we have dimg = N. The 
natural surjection ©Sym l (i?!) — > i? induces a closed embedding X — >■ 0*. To 
prove that is semisimple, it seems that one needs some geometric arguments 
as in 1 - 5. When g is semisimple, g* is identified with g by the Killing form. 
This is nothing but the closed embedding X — > g of Main theorem, where X 
is identified with the nilpotent variety N. 

(3) Let X be the same as in (2). Then P(A) admits a contact struc- 
ture with the contact line bundle P (x)(l) in the sense of 1. Let G be the 
contact automorphism group of P(X) re9 . The Lie algebra g is contained in 
if°(P(X),e PW ) and the map H°(P(X),Q P{X) ) A H (P(X),O P{x) (l)) in- 
duces an isomorphism g = H°(P(X), Opm(l)) by [Be 2], Proposition 1.1. In 
general we only know that dimg > N. The closed embedding P{X) — > P(g*) 
is a G-equivariant map. By a similar argument to [Be 2], Section 1, the en- 
action on P(X) lifts to a G-action on X. Moreover the above embedding lifts 
to a G-equivariant closed embedding X — > g*. By this embedding X is iden- 
tified with a coadjoint orbit closure of g*. In particular, G acts transitively 
on X reg . But we do not know when G is semisimple. 

(4) One can give another proof of [F, Main theorem] : 
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Every crepant resolution of a nilpotent orbit closure O of a semisimple 
complex Lie algebra g coincides with a Springer resolution n : T*{G/P) — > O. 

The following proof can be regarded as a translation of the original proof 
into contact geometry. 

If O has a crepant resolution n : Y — > O, then P(O) also has a crepant 
resolution n : Z — > P(O). The Kostant-Kirillov 2-form on O induces a 
contact structure on P(O). Moreover this contact structure is pulled back to 
a contact structure r\ on Z. The contact structure n can be regarded as an 
element of T(Z, Vt l z <g>7r*0 P (o)(l)). Here P (o)(l) is the pull-back of Op( fl )(l) 
by the inclusion map P(O) — >■ P(fl). 

Assume that 6 2 (Z) > 1- Then Z is isomorphic to P(0 Af ) for a projective 
manifold M. Let ?7o be the canonical contact structure on P(Q M ) induced 
by the canonical symplectic form on T*M. By the same argument as in 4, 
we may assume that r\ = i] . Let G be the adjoint group of q. We prove 
that M = G/P with some parabolic subgroup P of G. By [F, Proposition 
3.1] the G-action on O extends to a G-action on Y. Since the G-action is 
compatible with the C*-action, we have a G-action on Z. 

We first claim that this G-action is induced by a G-action on M. It 
is well known that all contact automorphisms of (P(Qm), Vo) are those in- 
duced by the automorphisms of M. Since our G acts on P(Q M ) as contact 
automorphisms, our claim has been justified. 

We next claim that the G-action on M is transitive. Since Op(e M )( — -0 = 
7f*0p(o)(-l), the map n pulls back the C*-bundle O - {0} ->■ P(0) to the 
C*-bundle T*M - (0 - section) ->■ P(6 M ): 

T*M - (0 - section) > P(6 Af ) 

1 ^ 
O-{0} >■ P(O) 

The G-action on M induces a natural G-action on T* M — (0 — section) . It 
induces a G-linearization of Op(e M )( — !)■ O n the other hand, O — {0} has a 
natural G-action and it induces a G-linearization of P (o)(— 1). The crepant 
resolution n is an isomorphism over P(O). By the identification of 7r _1 (P(0)) 

with P(O) two line bundles Op(e M )( — l)|7f- 1 (P(0)) an d Op(6)(~ I)Ip(O) are 
identified. Each one has a G-linearization coming from that of Op(e M )(— 1) 
or Op(o)(— 1). By the uniqueness of the G-linearization ([Mu], Proposition 
1.4) these two G-linearizations are the same. In particular, the commutative 
diagram above is G-equivariant. Since G has an open dense orbit O in O, 
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it also has an open dense orbit in T*M — (0 — section). This also shows 
that G has an open dense orbit U in M. The following argument is the 
same as in [F]. Write U = G/P with a closed subgroup P of G. Note that 
T*U = G x p (g/p)* and G has an open dense orbit in T*U. This implies 
that P has an open dense orbit in (g/p)* by the coadjoint action. Then, by 
Proposition 3.10 of [F] we see that P is a parabolic subgroup, which implies 
that U is a projective manifold. Since U is an open dense subset of M, we 
must have M = U . 

Let fx : T*(G/P) ->■ g* be the moment map and let p : P(6 G /p) ->■ P(g*) 
be its projectivization. Note that Im(/i) = O' with a coadjoint orbit O' of 
g*. Then lm(p) = P(O'). To compare the map p with 7f, we identify the 
nilpotent orbit O with a coadjoint orbit of g* by the Killing form g = g*. 

We start with a rather general setting: let Z be a projective contact 
manifold with the contact structure 

Assume that a semisimple complex Lie group G acts effectively on Z as 
contact automorphisms. Let g C H°(Z,Q Z ) be the space of infinitesimal 
contact automorphisms determined by G and let V C H°(Z, L) be the image 
of g by the map H°(Z, G z ) A H°(Z, L). 

Lemma. Let O C g* be a coadjoint orbit preserved by the natural C*- 
action of g* . Assume that 

f:Z^ P(O) 

zs a generically finite surjective G-equivariant morphism such that L = f*0 P ^(l) 
and rj coincides with the pullback of the natural contact structure on P(O). 
Then 

f:Z^ P(O) c P(g*) 
is a morphism determined by the linear system corresponding to V C H°(Z, L). 

Proof. Let Z := / _1 (P(0)) and put / := f\z - There is a commutative 
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diagram 



H°(Z,Q Z ) 



H°(Z,L) 



-> H°(Z J*O P{o) (l)) 

(/o*)o(i) 

■» tf (P(O),O P(o) (l)) 



iJ (Z 0) /*ep ( o)) ► iJ (Z ,/*Op ( o)(l)) (5) 

(/o*)e 

H%P(0),Q P(0) : 

All vertical maps are injective. The coadjoint action of G on P(g*) determines 
an embedding C H°(P(0), 6 P(0 )). Let 

0^E^Q P{O ) AO P( o)(l) ^0 

be the contact structure on P(O). On the other hand, the embedding 
P(O) ->• P(g*) induces an injection g = H°(P(g*), P(r) (l)) -> #°(P(0), P(0) (1)). 
One can check that 77(g) = g (cf. [Na 3], Remark in pp.23, 24). Since / is 
G-equivariant, we have t(g) = (/o*)e(fl) By the commutative diagram we 
have (/o*) 0( i)(fl) = Q.E.D. 

An important point in Lemma is that V is determined independently of 
/. In other words, if / is a morphism satisfying the assumption of Lemma, 
then such an / is unique. 

Let us return to the original situation where Z = P(Q G / P ). We put 
L := Op(e G/P )(l). Then the maps 7f and fi both satisfy the assumption 
of Lemma. Moreover L is G-linearized and the following two maps are G- 
equivariant: 

r : = tf o (P(0*),O P(r) (l)) H°(Z,L) 

/T : = tf o (P(0*),O P(r) (i)) tf°(Z,L) 

As proved in Lemma, Im(7f*) = V and Im(/i*) = V. We then have a G- 
equivariant linear automorphism 

V? : ->■ F ->■ 0. 
As a consequence we get a commutative diagram 

Z — Z 



(6) 



P(g*) ^> P(0*) 
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Therefore O and O' are the same orbit and tx can be regarded as the 
projectivized moment map. Since the projectivized moment map is birational 
onto its image, the moment map itself is also birational onto its image. Thus 
the moment map (or Springer map) \i : T*{G/P) — > O gives a crepant 
resolution of O. 

In order to relate /i with the original crepant resolution n : Y — > O, we 
need the following lemma. 

Lemma. Let Z be the projectivized cotangent bundle P(@g/p) °f a ra- 
tional homogeneous space such that the projectivized Springer map p is a 
birational morphism. Denote by p : Z — >■ G / P the projection map and put 
L := Op(e G/P )(l). Then the nef cone Amp(Z) of Z is the closed convex cone 
generated by [L] and p* Amp(G / P) except when G/P = P n . 

Proof. Lemma clearly holds true when b 2 (G/P) = 1 and L is not am- 
ple. We assume that b 2 (G/P) > 1. Note that Amp(G/P) is a simplicial 
polyhedral cone, where each codimension-one face J 7 corresponds to a mor- 
phism G/P — > G/P with some parabolic subgroup P containing P. Let 
p : Z A G/P — > G/P be the composed map. Then the projectivized Springer 
map p : Z — >■ P(O) together with p gives a morphism (j) : Z — >■ G/P x P(O). 
We prove that actually contracts some curve to a point if L is not am- 
ple. Let C be a smooth rational curve on G/P contained in a fibre F of 
the map G/P — > G/P. We have natural surjections Qg/p\c ~ * ^c/{g/p) 
and N C /( G /P) -> ^f/(g/p)|c- As N f ^ G / P )\ c = 0% m some m > 0, there is 
a surjection 6g/p|c - >■ 0^ m . In particular, Og/p|c is not an ample vector 
bundle. This means that (L.D) = for some curve D C Z with p(D) = C. 
Then D is contracted to a point by 0. Let J 7 be a convex cone generated by 
[L] and p* J 7 . The observation above shows that J 7 is a codimension-one face 
of Amp(Z). Finally note that L is ample if and only if G/P = P n by Mori 
[Mo]. Q.E.D. 

By the construction of Z = Y — 7r _1 (0)/C*, some 7r-ample line bundle L 
on Y descends to a 7f-ample line bundle L on Z. Assume that M = G/P 
is not a projective space. Then by the lemma above we may assume that 
£ = p*F for some ample line bundle F on M = G/P. We note that 7r and 
/i coincide over O — {0}. In fact, since 7f*0 P ( )(— 1) = Op(e M )( — 1), we have 
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T*M — {0 — section} = Z Xp^ {O — {0}). By the commutative diagram 

y-Tr-^o) — >■ z 

* (7) 
O- {0} >• P(O) 

there is a morphism F — 7r _1 (0) — > T*M — {0 — section} over O — {0}. 
Since both F — 7r _1 (0) and T*M — {0 — section} are crepant resolutions of 
O — {0}, the morphism is an isomorphism. As a consequence we have the 
commutative diagram 

F ^— T*(G/P) - (0 - section) T*(G/P) 

TT |U (8) 

O < O-{0} >• 6 

Let q : T*(G/P) - {0 - section} ->■ Z(= P(6 G/P )) be the quotient map. 
By the definition j*q*C = C. On the other hand, we have f \q*C = p*F, 
where p : T*(G/P) — > G/P is the projection map. Since F is an ample 
line bundle on G/P, p*F is a /i-ample line bundle. The birational map 

F > T*(G/P) (over O) is an isomorphism in codimension one and p*F 

is the proper transform of C by this map. As each line bundle is 7r-ample or 
/i-ample, we see that this birational map is actually an isomorphism. 

We next consider the case when G/P = P n . In this case the contact 
projective manifold Z has two different projectivized cotangent bundle struc- 
tures over P n . In fact Z is a hypersurface of P n x P n of type (1,1) and two 
different projections : P n x P n — > P n , % — 1,2 induce mutually different 
identifications Z = P(0pn). In each choice the corresponding parabolic sub- 
group P is not conjugate to one another. This phenomenon prevents us from 
recovering F from Z. But in this case we can easily check that O has exactly 
two different crepant resolution and both of them are Springer resolutions. 

Finally we notice that one always has hi{Z) > 1 with only one excep- 
tional case when O is the minimal nilpotent orbit of 5/2- Let v : O — > O 
be the normalization. Then ^ _1 (0) consists of one point 0'. In fact, the 
central fibre of the Jacobson-Morozov resolution of O is connected and the 
resolution factors through O; hence ^ _1 (0) is one point. The C*-action on O 
naturally extends to that on O. Suppose that P(O) is not smooth. Then the 
crepant resolution Z — > P(O) has exceptional locus; in particular, b 2 (Z) > 1. 
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Suppose to the contrary that P(O) is smooth. Assume that O is smooth. 
Then T^O admits a symplectic 2- form oo of weight 1, which is absurd. Thus 
O has an isolated singularity at 0' and Z = P(O). When O is the minimal 
nilpotent orbit of sl 2 , we have Z = P(O) = P 1 and b 2 (Z) = 1. Otherwise 
dimO > 4. Then the exceptional locus of the crepant resolution n : Y — > O 
has codimension > 2. This means that O is not Q-factorial. Note that Y has 
a C*-action. We take a C*-linearized 7r-ample line bundle L on Y. We put 
M := T(Y,L). Then M has a C*-action. Let A be the coordinate ring of the 
affine variety O. Then A is a graded algebra and M is a graded A-module. 
Let us consider the coherent sheaf E := M on P(O) = Proj(A). Then the 
double dual E* of E is an invertible sheaf on P(O). On the other hand, let 
# be the pullback of O p( o)(1) by the map P(O) ->■ P(O). Then [E*] and 
[if] are linearly independent in Pic(P(0) ® Q. 
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